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npocjieccop B. B. PnoaHOb 



06iii,a5i xapaKTepHCTHKa paSoTbi 


AKTyajibHOCTb pa 6 oTbi 


HacT05imaH pa6oTa ctoht na CTbiKe flsyx flHcpnnjiHH: Bep05iTH0CTH0H 
K0M6HHaT0pHKH H flHCKpeTHOH reOMeTpHH. HnJKe MbI paCCKa>KeM O KJIIO- 
HeBbix sa^a^ax Kaxc^oft h3 hhx. 

/],HCKpeTHax reoMeTpHx xax nayKa o4)opMHjiacb na pyGexce XIX-XXbb. 

OflHHM H3 ee OCHOBOnOJIOXCHHKOB MOXCHO CHHTaTb MKHKOBCKOrcQ, KOTOpblH 


HCCJieflOBaji pacnojioxceHHe pejioxHCJieHHbix BexTopoB no OTHomennio k bbi- 
nyKjibiM TOJiaM b npocTpancTBO n flOKa3aji 4)yHflaMeHTajibHyK) TeopeMy o 
BbinyKjiOM Tejie. Ctojib xce 3HanHMbie pe3yjibTaTbi b stoh tomo nojiynnjin 
BopoHofil^, KopKHH, 3ojiOTapeE§ n flpyrne. Ceiinac sto OTTOjibHbin pa3fleji 
Teopnn nnceji n reoMeTpnn, naBbiBaeMbin reoMeTpnen nnceju. 

C reoMeTpnen nnceji tocho CBnBano em,e o^no nanpaBiienne ^ncKpeTHon 
reoMeTpnn. K STOMy HanpaBjienHK) npexc^e Bcero othocxtcx cjieflyK)m,He Tpn 
Ba^ann. IlepBan — KjiaccnnecKan Banana HbiOTOHa o njiGTHenmen ynaxoB- 
Ke mapoB b npocTpancTBqjoLl. BTopan Banana, ABoncTBennan k nepBoii, bto 
B anana o peflnanmeM noKpbiTnn npocTpancTB mapaiviH. HaKonep, TpeTbx Ba¬ 
nana, o KOHTaKTHOM nHCJio — HanGojibniOM KOJinnecTBO mapoB, KacaK)m,Hxcn 
flannoro mapa b npocTpancTBe^l^. 

Em,e OflHO nanpaBnenne HCCJieflOBannn b flncKpeTHon reoMeTpnn 6bijio 
HHHpnnpoBaHO Kjienn, Bpflemeivi n CeKepemeivi b 1934 ro^y, KOTopbie floxa- 
BajiH cym,ecTBOBaHHe Taxoro nncjia N{n)^ xto cpe^n jikdGbix N Tonex o6m,ero 
nojioxcennn na njiocxocTH nan^eTcn Bbinyxjibin n-yrojibHHKl^0 i^jl^ 


^H. Minkowski, Geometric der Zahlen, RG Teubner, Leipzig-Berlin, 1953. 

^r. BopoHOH Co6paHue cohuhchuu e 3-x moMax, 1952. 

^A. Korkine, G. Zolotareff, Sur les formes quadratiques positives, Math. Ann. 11 (2), 1877, 242-292. 

Kaccejic, FeoMempusi hucca, MocKea, Mnp, 1965. 

®JI. Tot, PacnoAootceHUA na riAOCKocmuu, cfiepe u e npocmpancmee, MocKBa, OnsMajinx, 1958. 

®K. PoflJKepc, VnAadnu u noKpumuM, MocKsa, Mnp, 1968. 

KoHBeii, H. Cjiosh, YnaKooKu mapoe, peiuemnu u zpynnu, MocKsa, Mnp, 1990. 

®K. Schutte, B.L. van der Waerden, Das Problem der dreizehn Kugeln. Math. Ann. 125, 1953, 325-334. 
®0. MycHH, npo6AeMa deadyamu nsimu c(f)ep, YMK, 58 (352), 2003, 153-154. 

Erdos, G. Szekeres, A combinatorial problem in geometry, Gompositio Math., 2, 1935, 463-470. 
^^Harborth, Heiko, Konvexe Funfecke in ebenen Punktmengen, Elem. Math. T. 33 (5), 1978, 116-118. 

Horton, Sets with no empty convex 7-gons, Ganadian Math. Bulletin T. 26 (4), 1983, 482-484. 
^^M. Overmars, Finding sets of points without empty convex 6-gons, Discrete and Gomputational 
Geometry T. 29 (1), 2003, 153-158. 

^■^B. KomejieB Sadaua dpdema-CeKepevua o nycmux mecmuyzoAVHUKax na nAocKocmu, Mo;i,ejmpoBa- 
nne h anajins HHcJjopMapnoHHBix cncxeM, 16 (2), 2009, 22-74. 
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CjieflyiomHH Kjiacc npoGjieivi flHCKpeTHoft reoivieTpHH TaK>Ke npefljio>KeH 
3pflemeM. nepBbiii Bonpoc, KOTopbiH 6biji hm nocTaBjien, — o HanGojibineM 
HHCJie e^HHHHHblX paCCT05IHHH B MHO^KBCTBe H3 Tl TO^BK Ha HJIOCKOCTH H B 


npocTpaHCTBe 


15 


BTopoH, He Menee Ba>KHbiH,jHao6opoT, o HHCJie pasjiHHHbix 


paCCTOHHHH B THKOM n-TOHeHHOM MHOHCeCTBe 

Bee nepeHHCJieHHbie Bbime sa^aHH HCKjiioHHTejibHO BaxcHbi ^jih ^HCKpeT- 
HOH reoMeTpHH, oflHaKO Heo6xoflHMO BbiflejiHTb eipe ^bb npo6jieMbi, koto- 
pbie HMBiOT oco6eHHoe snaneHne ^jih nameH pa6oTbi h TaKxce hocht (Jiyn^a- 
MeHTajiBHbiH xapaKTep. HepBan h3 hhx sto rHnoTe3a BopcyKa@ o pa36He- 
HHH MHOHcecTBa Ha HacTH MeHBHiero flHaMBTpa. BTopan — 3aflaHa Hejicona- 
9pfleHia-XaflBHrepa0 o xpoMaTHnecKOM hhcjib mbtphhbckhx npocTpancTB, 
TO eCTb O HaHMeHBHieM KOJIHHBCTBe PBBTOB, B KOTOpblB TBK MOHCHO BTO HOKpa- 
CHTb, HT06bI HHKaKHB flBB TOHKH OflHOTO pBBTa HB HaXOflHJIHCb Ha paCCTOHHHH 


eflHHHpat 


20 


Tenepb onepTHM Kpyr ba^an, xapaKTepHbix fljiH BepoHTHOCTHOH kom6h- 
HaTOpHKH. OcHOBHOH MBTOfl, HCnOJIbByBMblH 3fle(^ 3TO BepOHTHOCTHblH MB- 
TOfl. Ero OBHOBOHOJIOHCHHKOM BHHTaBTBH BpflBHCJ. BepOHTHOBTHblH MBTOfl 
n03B0JIHJI flOKa3aTb HJIH OnpOBBprHyTB pHfl rHHOTBB, flepXCaBIHHXCH flojiroe 


BpBMfl 


22 


23 


OflHHM H3 OBHOBHBIX o6T.eKTOB H OflHOBpeMBHHO HHCTpyMBHTOB HCBJIB^O- 

BaHHH BTaHOBHTBH BJiyHaHHBiH TpacJ). B 1959 rofly 9pfleHi h PeHbi0 flaiOT 
nepByio MOflBJib ojiyHaHHoro rpacjia. Cpa3y xce B03HHKaeT orpoMHoe kojih- 
HBBTBO 3aflaH o6 HBBJIBflOBaHHH OaiVIblX pa3HbIX XapaKTBpHCTHK CJiyHaHHOTO 
rpacjia, o kphthhbbkhx bbpohthobthx ^jih BeeB03M0>KHbix ero bbohbtb, o pae- 


Erdos, On a set of distances of n points, Amer. Math. Monthly, 53, 1946, 248-250. 

Brass, W. Moser, J. Pach, Research problems in discrete geometry, Springer, New York, 2005. 

^^A.M. Raigorodskii, Coloring Distance Graphs and Graphs of Diameters, Thirty Essays on Geometric 
Graph Theory, J. Pach ed., Springer, 2013, 429 - 460. 

^®K. Borsuk, Drei Sdtze iiber die n-dimensionale euklidische Sphdre, Fundamenta Math., 20, 1933, 
177-190. 

^®P.K. Agarwal, J. Pach, Combinatorial Geometry, Wiley-Interscience Series in Discrete Mathematics 
and Optimization, John Wiley and Sons, 1995. 

^'^A.M. Raigorodskii, Three lectures on the Borsuk partition problem, London Mathematical Society 
Lecture Note Series, 347 (2007), 202-248. 

^^P. Erdos, Some Remarks on the Theory of Graphs, Bulletin of the American Mathematical Society, 
53, 1947, 292-294. 

Opflem, ,Hjk. Cneucep, BeposimHOcmHue Memodu e KOM6uHamopuKe Ha^naTejincTBO Mup, 1976. 

Ajioh, Gnencep, BeposimHocmHuu Memod Bhhom. JladopaTopna: auaHUH, 2007. 

^"‘P. Erdos, A. Renyi, On random graphs, I, Publ. Math. Debrecen, 6, 1959, 290-297. 
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npeflejieHHH KaKoft-jinGo cjiynaHHOH BejiHHHHbi na stom rpa4)e. Hama paGoTa 
nocB5imeHa flByivi CBoiicTBaM: “Gbitb rpacj^OM paccT05iHHH” h “Gbitb rpa4)OM 


^HaMeTpoB . 

B HacT 05 imee BpeM 55 TeopHsi rpa 4 )OB nepemHBaeT OHepe^Hoft pacpBeT b 

CB 5 I 3 H C npHMeHeHHeM ee K HCCJieflOBaHH 5 IM COpHajIbHbIX H GHOJIOBHHeCKHX 
H HH 4 )opMaii,HOHHbix ceTeii. Tenepb, Kor^a CTajio bosmoxchbim SMnHpHxecKH 
BbmHCJiHTb HeKOTopbie xapaKTepHCTHKH rpa 4 )a, onHCbmaiomero ceTb HnTep- 
HeT, H rpa 4 )OB flpyrnx copHajibHbix ceTeft, BbmcHHjiocb, xto MOflejib 9 pflema- 
PeHBH HH npH KaKHx napaivieTpax (a oh b stoh MOflOJiH Bcero o^hh — Bepo- 
HTHOCTb peGpa) ho MOXCOT CJiyXCHTb CKOJIBKO-HHGyflb aflOKBaTHOH MOflejIBK) 

fljiH 3 THX rpa 4 )OB. B 1999 ro^y BapaGamn h AjibGepi im 
MO^ejib cjiynaHHoro rpa 4 )a, a BojiJioGaH@ h PnopflaiO 
KasajiH, HTO B Heii BbinojiHHeTCx no KpaftneH Mepe flBa KjnoneBbix CBOHCTBa 
BeG-rpa 4 )a: CTenennoH saKon pacnpeflejieHHx BopmHH h Majibift ^HaivieTp. C 
Tex nopa STa Teivia nojiynnjia mnpoKoe pasBHTHe, Gbijih npeflnpHHHTbi KaK 


npefljioxcHjiH HOByK) 
yTOHHHjiH ee h flo- 


noHbiTKH yjiynmeHHH stoh MO^ejiH, TaK h cos^aHHH KapflHHajibHO hobbijI 


28 


LI,ejib pa6oTM 

LI,ejib paGoTbi coctoht b HCCJie^OBaHHH flByx pasjmnHbix cbohctb cjiy- 
naftHoro rpa4)a b MO^ejm 9pflema-PeHbH. Bo-nepbbix, HsynaeTcn cbohctbo 

GbITB H30M0p4)HbIM Tpacj^y paCCTOHHHH; BO-BTOpbIX, — CBOHCTBO GbITb H30- 
Mop4)HbiM rpa4)y ^HaMCTpoB. 


Haynnaa HOBHSHa 

Bee peoyjiBTaTbi flHCcepTapHH hbjihiotch hobbimh. HepenHCJimvi ochobhbic 
H3 HHX: 


1. /]^OKa3aHO, HTO B JHoGoM flHCTaHH,HOHHOM rpa4)e Ha HJIOCKOCTH eCTb 
GojibmoH HHflypnpoBaHHbiH no^rpaej) c xpoMaTHHCCKHM hhcjiom hc 
G ojibme HCTbipex. 

2. HojiyHCHbl BCpXHHC H HHXCHHC OpCHKH HOpOTOBOH BCpOXTHOCTH flJIH pC- 
ajiH3aH,HH cjiynaHHoro rpa4)a rpa4)OM paccTOXHHH b paoMepHOCTxx ot 
O flHOrO flO BOCBMH. 

^^A.-L. Barabasi, R. Albert, Emergence of scaling in random networks Science, 286, 1999, 509-512. 

Bollobas, Random Graphs^ Cambridge Univ. Press, Second Edition, 2001. 

^^B. Bollobas, O.Riordan The degree sequence of a scale-free random graph process Random Structures 
and Algorithms, 18(3), 2001, 279-290. 

^®A.M. PaiiropoflCKHH, Modejiu unmepnema, HurejuieKT, /Jojironpy^Hbiit, 2013. 
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3. riojiyHeHbi BepxHHe h HH>KHHe openKH pasiviepa naHSojibniero Ta- 
Koro noflrpa4)a cjiynaHHoro rpa4)a, hto oh npeflCTaBjineTCH kbk rpacj) 
flHaiVieTpOB B npOCTpaHCTBO npOHSBOJIBHOH 4)HKCHpOBaHHOH paSMOpHO- 
CTH. 

OcHOBHbie MeTo^bi Hccjie^oBaHHa 

B pa6oTe HcnojibsyiOTCH pasjiHHHbie motoabi TeopHH BeponTHOCTOH h 
KOiviSHHaTopHKH: MeTOflbi TeopHH cjiynaHHbix rpacj^OB, npHjioxceHHH Teopnn 
HJIOTHeHHIHX ynaKOBOK, BepOHTHOCTHan TeXHHKa HOJiyHeHHH OpeHKH flJIH pe- 
ajiHsapHH rpa4)OM ^naivieTpoB, CBHsaHHan c npHivienenneM Teopeivibi o Bsanivi- 
HOM paCHOJIOHCeHHH HOflMHOHCeCTB KOHCHHOTO MHOHCeCTBa (TCOpeiVia PeflJI5l). 

TeopeTHHecKaa h npaKTHHecKaa pennocTb 

/],HccepTaH,H5i HMeeT TeopeTHHecKHH xapaKTep. IlojiyHeHHbie b ^HCcepTa- 
H,HH pesyjibTaTbi npe^CTaBjiHioT HHTepec ^jih cnepnajiHCTOB b o6jiacTH Teo¬ 
pHH rpa4)OB, KOmShHHTOPHKH, KOlVlSHHaTOpHOH H flHCKpeTHOH reOMeTpHH. 

Anpo6ai],HH pa6oTbi 

PesyjibTaTbi flHCcepTapHH flOKjiaflbmajiHCb na cjieflyiomHx naynno- 
HccjieflOBaTejibCKHx KOHcJiepeHpHHx H ceMHHapax: 

— Ha KacJieflpajibHOM ceivinnape Kacjieflp ^HCKpeTHOH iviaTeiviaTHKH h ana- 
jiHsa flaHHbix (OHBT, MOTH, 2012-2014); 

— Ha ceMHHape “BepoHTHOCTHbie h ajireOpaHnecKHe ivieTOflbi b KOMOnnaTO- 
pHKe” HOfl pyKOBOflCTBOM Hpocjieccopa A.M. PanropoflCKoro (iviexaHHKO- 
MaTeiviaTHHecKHH cJiaKyjibTeT MPY, 2009-2012); 

— Ha MexcflyHapoflHOH KOHcJiepeHpHH “Fete of combinatorics and computer 
science” (KecTxeii, BcHrpHu, 11-15 anrycTa 2008); 

— Ha MexcflyHapoflHOH KOHcJiepeHpHH “HeTBcpTau nojibCKau KOHcJicpenpHu 
HO KOMbHHaTopHKc” (BcfljiCBO, Hojibma, 17-21 ceHTuOpu 2012). 

IlyGjiHKapHH 

PesyjibTaTbi flHCcepTapHH onydjiHKOBanbi b 5 padoTax aBTopa (4 hs koto- 
pbix BxoflHT B nepeueHb BAK), chhcok KOTopbix npHBeflen b Konpe aBTope- 
(JiepaTa. 
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CxpyKTypa ^HCcepxapHH 

/],HCCepTaiI,H 5 I COCTOHT H 3 BBefleHHH, XpeX BJiaB, 3 aKJIK)HeHH 5 I H CHHCKa JIH- 
Tepaxypbi, HacHHTbmaiomero 68 HaHivieHOBaHHH. 06iii,hh o 6 x.eM flHccepxapHH 
cocxaBjii^ex 69 cxpaHHii,. 

KpaTKoe co^ep:acaHHe ^HCcepTaii;HH 

Bo BbefleHHH o6x.5icH5ieTC5i aKTyajiBHOCTB pa6oTbi h H3JiaraeTC5i HCTopH5i 
pa3BHTH55 KOM6HHaTOpHOH H ^HCKpOTHOH reOMOTpHH, a TaK>Ke BOpOSITHOCT- 

Horo MOTO^a b KOMGHHaxopHKe. Sflecb xce OHepneH xpyr KjnoHebbix 3aflaH 
3THX HanpabjieHHH. 

Co^ep:a<;aHHe rjiaBbi 1 

B nepbOH rjiabe o6cy>KflaeTC5i Hcxopni^ ba^an o xpoMaxHHecKOM hhcjio 
npocxpaHCTba h o flHcxaHpHOHHbix rpa4)ax, flaiOTCH Heo6xoflHMbie onpe^e- 
JieHHH, npHBOfl5ITC5I (jDOpMyjIHpOBKH H flOKabaTOJIbCTBa nOJiyHOHHblX pebyjlb- 
Taxob. 

XpoMamuuecKoe hucao x(IR^) npocxpancxha — sxo HaHMenbinee ko- 
jiHHecxBO pbexoB, b Koxopbie moxcho xax noKpacHXb Hxo6bi cpe^H xohok 
O flHoro pBOxa ho Hanijiocb napbi xohok na paccxo5iHHH eflHHHpa, xo ecxb 


x(M^) = min {/c G N : 3Vi ,..., ”14, = Vi U ... U V^, 

Vz, Vx,y G V,, /9(x,y) ^ 1}, 


Ffle p — o6bmHoe ebKjiHflOBO paccxonnHe. 

JlerKO noKabaxb, nxo fljin jiioGoro d bejinnHHa x(R^) KOHenna. npo6jieMa 
oxbiCKaHH55 xpoMaxHnecKoro nncjia npocxpanoxba 6bijia bnepbbie nocxaBjiena 
Ha pyGexce 40x-50x roflob XX bOKa. HecMoxpn na 3HaHHxejibHbiH HHxepec, 
BbibbaHHbiH 3XOH HpoGjiCMOH, OHa flo CHx Hop, HO cym,ecxBy, ocxaexcH nepe- 
meHHoii. KoHenno, x(R^) = 2, oflHaKO yxce fljm hjiockocxh jiynmee, hxo mbi 

3HaeM, 3X0 opoHKa 

4 < x(K') < 7. 


xpexMopHoro npocxpanoxba mbi HMeeM^ 


30 


6 ^ ^ 15, 

Coulson, A 15-colouring of 3-space omitting distance one, Discrete mathematics, 256, 2002, 83-90. 
Nechushtan, Note on the space chromatic number, Discrete Mathematics, 256, 2002, 499-507. 
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HaKOHeu, pacTymeH pasiviepHOCTii 

\d 


31 
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(1.239 ... + o{l)y ^ ^ (3 + 0(1))^. 


riocTaBjieHHaa sa^a^a MO>KeT 6biTb nepecJiopMyjiHpobaHa b TepMHnax Teo- 
pHH rpacjiob. ripexcfle bcero ducmamj^uoHHUM spa(f)OM (hjih epac^oM paccmo- 
MHUu) HasobeM KOHe^HbiH rpacj) G = {V, £"), bepniHHbi KOToporo cyTb tohkh 
ebKjiHflOba npocTpancTba, a pe6pa coeflHHHiOT tojibko napbi tohck, otctoh- 
mnx flpyr ot flpyra na paccT05iHHe eflHHHpa. MbbiiviH cjiobaiviH, 

K C 11/1 <oo, EC {(x,y) eVxV: p(x,y) = 1}. 

HanoMHHM, HTO xpoMamuHecKoe hucjio x{G) rpacjia G = {V, E) — sto 
HaHMeHbinee KOJimecTbo pbeTOb, b KOTopbie moxcho Tax noKpacHTb ero bep- 
niHHbi, HToGbi bepniHHbi oflHoro pbeTa ne coeflHH5ijiHCb peGpoM, to octb 


x(G')=min{A;GN: 3^1,.V U ... U 

Ml, Vx,y G y*, (x,y) ^ E}. 

n. 3pflem H H. Bpeftij^ (JiaKTHxecKH floxasajiH, hto x(M^) = maxx(G), 
Tfle MaKCHMyM 6epeTC5i no bceivi rpacjiaivi paccTonHnn b TaKHM o6pa30M, 
nsynenne xpoMaTnnecKHx nnceji rpacjiob paccTonHnn nrpaeT ncKjnonnTejib- 
nyio pojib npn HCCJieflObannn npo6jieMbi OTbiCKannn xpoMaTnnecKoro nncjia 
npocTpancTba. 

B 3T0H rjiabe mbi cnanajia paccMaTpnBaeivi cjiynaii eBKjiHflOBon njiocKO- 
CTH. Tot (JiaxT, hto x(R^) ^ 7, osnanaoT, Konenno, hto fljin jno6oro rpa- 
(Jia paccTonnnn G = {V, E) na njiocKOCTH x(G) ^ 7. Kax cjie^CTBne, 
a{G) ^ xojib cxopo nepes a{G) mbi oGosnannjiH hucao nesaeucuMO- 
cmu rpacjia G, to octb nanGojibinee xojinnecTbo ero bepninn, nnxaxne flbe 
H3 xoTopbix ne coeflHHenbi peGpoivi: 

a{G) = maxliy'l : V' C V, Vx, y G V', (x, y) ^ E}. 

PaftropoflCKHit, UpodAeMa BopcyKa u xpoMamuuecKue hucau MempuuecKux npocmpaHcme, 
YcnexH MaieM. nayK, 56(1), 2001, 107-146. 

Larman, C. Rogers, The realization of distances within sets in Euclidean space, Mathematika, 19, 
1972, 1-24. 

^^N.G. de Bruijn and P. Erdos, A colour problem for infinite graphs and a problem in the theory of 
relations, Proc. Koninkl. Nederl. Acad. Wet., Ser. A, 54 (5), 1951, 371-373. 
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TaKHM oGpasoM, b jik)6om “flByiviepHOM” rpa4)e paccTOHHHft na n BepniH- 
Hax HaftfleTca HHflypHpoBaHHBift no^rpacj), HivieiomHH ne Menee j BepniHH h 
xpoMaTHHecKoe hhcjio 1. 9to yTBepxcfleHHe ^onycKaeT psifl HeTpHBHajibHbix 
o6o6meHHH H yTOHHeHHH. B pa6oTe [2] HaM y^ajiocb floxasaTb cjieflyiomHe 
pesyjibTaTbi rpa4)OB paccT05iHHH na njiocKOCTH. 9th flOKasaTejibCTBa 
npHBOflHTCH B naparpa4)e 1.3. 


TeopeMbi 1—4. Ilycmb k G {1,2,3,4}. B jiwdoM dpa<^e paccmoHHUu G = 
(V, E) Ha n eepmuHax naudemcH maKou UHdyyupoeaHHuil nodspacf) G' = 
(!/', E'), umo |1/'| ^ [^] u x{G') ^ k, 2de h = 4.36 ... 


/{jiH flOKasaTejibCTba sthx TeopeM HcnojibsobajiCH hobbih pe:wjibTaT, hb- 
jiHioLpHHCH ycHjieHHeM HSbecTHOH TeopeMbi JlapiviaHa-PoflHcepcaL^. 


TeopeMa 8. Uycrnb e aadan HeKomopuu 2pa(f) paccmojmuu G = {V, E), 
|14| = n. IIpednoAODfcuM, cyiyecmeyTom maKue hucag k E N u z/q £ (0,1), 
umo ak) 6 o 2 o UHdyyupoeaHHOso nodzpat^a G' = {V',E') c \V'\ ^ [hqu] 
eunoAHCHO x{G') > k. Tozda Baa ocakoso naBopa uauepuMux MHoamecme 
Si^ S21 ■ ■ ■ 1 Sk e c ycAoeueu, umo MHoatcecmeo S = Si U S2 U ... U Sk 
UMeem eepxHTOTO nAomHocmb v ^ hq, eepno, umo Kameo 6u hu 6 uao a > 0, 
nauBemcA Si, na KomopoM peaAusyemcA paccmoAHue a. 


HanGojiee HHTepecHbiM HbjiHeTCH cjiynaft k = 4. OaKTHnecKH oh osnana- 
OT, HTO b KaXCflOM rpa4)e paCCTOHHHH Ha HJIOCKOCTH eCTb HHflypHpObaHHblH 
HOflrpacJ), KOTopbiii hohth pejiHKOM cobnaflaoT c hcxo^hbim rpacJzoM (coflep- 
>KHT He ivienee 91.7% ero bepHinn) h flonycKaeT pacKpacKy b 4 pbeTa. Ecjih 
6bi b 3TOM yTbepxcfleHHH bejiHHHHy 91.7 y^ajiocb saMeHHTb na 100, to, bbHfly 
TeopeMbi 9pfleHia-fle Bpenna, sto Obi osHanajio, hto = 4. 

SanacTyK) sa^aHH Teopnn rpacJiOB ^onycKaiOT neTpHBHajibHyio HHTepnpe- 
TapHK) b TepMHHax cAyuauHOdo spacjja. HanoMHHM, hto o^hoh hs HanOojiee 
HonyjiHpHbix MOflejieH cjiynaHHoro rpacjia HbjiHeTCH MOflejib, npefljiOHceHHan 
9pfleHieM H A. PeHbii^ Ha pyOexce 50x-60x roflOb XX bOKa. Penb h^ot o 
bepoHTHOCTHOM npocTpaHCTBO G{n,p) = B^ecb 


n„ = {G = {V, E) : \V\ = n}- 

Larman, C. Rogers, The realization of distances within sets in Euclidean space, Mathematika, 19, 
1972, 1-24. 

Bollobas, Random Graphs, Cambridge Univ. Press, Second Edition, 2001. 
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MHO>KeCTBO BCeB03M0>KHbIX Bpacj^OB HB Tl BepniHHaX (6e3 neTejIb H KpaTHbIX 
pe6ep), CHBMa-ajireGpa Bn npeflCTaBji5ieT co6oh MHOxcecTBO bcex noflMHO- 
XCeCTB a 

p^(G) 

HnaHe roBopsi, moxcho CHHTaTb, hto pe6pa cjiyHaftHoro rpacj^a no5iBji55K)T- 
C5I He3aBHCHMO flpyr ot flpyra c BepoHTHOCTbio p. SaMeTHM, hto b Mo^ejiH 
9pflema-PeHbH bejiHHHHa p moxcbt 3aBHceTb ot n. 

Hac HHTepecyeT, c KaKoft Bepo5iTHOCTbK) cjiyHaHHbiii rpacj) b moaojih 
G{n^p) flonycKaoT peajiHbapHio na njiocKOCTH b Ka^ecTbe rpa4)a paccT05i- 
HHH. Kax 3TO xacTO 6biBaeT b Hayxe o cjiyxaiiHbix rpa4)ax, npn o^hhx 3Ha- 
xeHHHx p 3Ta bepoHTHOCTb 6yfleT CTpeMHTbCH k Hyjiio, a npn flpyrnx — k 
e^HHHpe. OnpeflejiHM HexoTopyio KpHTHxecKyio bejiHXHHy p, OTBexaromyio 
3a BbimeynoM55HyTbiH “4)a30BbiH nepexo^”, cjieflyiomHM o6pa30M: 


p*{n) = 

= sup G [0,1] : Pn(G' peajiH3yeTCu b kbk rpacj) paccTOUHHu) > - 

Taxau bejiHuuna uabbiBaeTCu noposoeou eepo^mnocmbTO^ h oua onpeflejieua 
KoppoKTHO BBHfly KjiaccHuecKHx pe3yjibTaTOB o cymecTbObaHHH noporobbix 
bepouTHOCTeu ^Jiu mohotohhbix cbohctb cjiyuauHbix rpa4)OB. 

B TOH xce CTaTbe [2] mbi floxabajiH cjie^yiomHe pebyjibTaTbi. 

Teopeiua 5. IJpu p = ^, sde c <1, eunojiHeno 

P„(G' peaAuayemcH na njiocKocmu kqk 2 pa<^ paccmoHHUu) —>-1, n ^ oo. 



Teopeiua 6. IJpu p = ^, ^de c> to = 14.797.. eunoAueno 

P„(G peaAuayemcA na riAOCKOcmu kqk 2pa(f) paccmoAHUu) —)• 0, n ^ oo. 

TeopeMbi 0 H El flOKabauHbie b naparpa4)e 1.4, obuauaiOT, uto ^ 
p*{n) ^ ^2^ CO CKOJib yroflHO iviajibiM nojioxcHTCJibHbiM e ii n ^ no{e). Teivi 
caMbiM, Mbi 3HaeM nopu^OK pocTa noporoboii bepouTHOCTu. 

B naparpacj^e 1.5 mbi bboahm 6ojiee oGipyio bejiHuuny 


P*d{n) = 


= sup < p G [0,1] : Pn{G peajiHoyeTCu b kuk rpacj) paccTOUHuu) > 


HaM y^ajiocb noKaoaTb, uto fljiu paoMepHOCTeu 3-8 Taxxce bcpua 



TeopeMa 11. lloAoatcuM 


C3 = 55.272..., C4 = 164.528..., cg = 504.285 ..., 


C6 = 1365.170..., C7 = 3624.758 ..., cg = 8675.785 ... 


Tozda npu KaofcdoM d up = ^, dde c > Cd, eunoAueno 

' Pn{G peaAuayemcH e nan spacf) paccmoAHUu) — > 0, n —>■ oo. 


HeBIMH CJIOBaMH, 




n ' n 

npHHeM BejiHHHHa Cd pacTeT Kax SKcnoneHTa. B oflHOiviepHOM cjiynae nop5iflOK 
pocTa flpyroH. B nyHKTe 1.5.2 mbi flOKasajiH, hto HivieeT iviecTO cjieflyiomaH 


TeopeMa 12. aw 6 o 2 o £ > 0 cyiyecmeyem maKoe uq, huio npu ecex 
n ^ no eunoAueuo 


^-£ 

n4/3 


^ Pl{n) ^ 


n4/3 


Ha caMOM ^ejie b oflHOiviepHOM cjiynae mbi snaeivi Tonnoe SHaneHne nopo- 
roBoii Bepo5iTHOCTH. A HMeHHO, B TOM >Ke nyHKTe 1.5.2 mbi flOKasajin, hto 


A^61n2 — £ 


^p\{n) ^ 


^6 In 2 + £ 
n^/3 


Co^ep:a<;aHHe rjiaBM 2 

BTopan TjiaBa (kbk h TpeTBn) nocB5im,eHa HCcneflOBannio neKOTopnix Be- 
poHTHOCTHBix xapaKTepHCTHK, CBHsaHHBix c KjiaccHHecKOH npoOjieMOH Bop- 
cyxa. HanoMHHM, hto OTa npoOjieMa coctoht b OTbiCKannH uucAa Bopcyna — 
BejiHHHHbi /((i), paBHoii MHHHMajibHOMy KOJinnecTBy nacTeii Menbrnero flna- 
MBTpa, na KOTopnie moxcho pasOnTb nponsBOJibnoe MHOxcecTBO ^naMCTpa 1 
B npocTpancTBe 


diam H = 1, 3 Qi 


Qf. n = QiU.. .UQf, 


f{d) = min{/ : V H C 

V i diamHj < 1}. 

rnnoTesa BopcynaS, npefljioxceHHan cbohm aBTopoM b 1933 ro^y, cocTonjia b 
TOM, HTO f{d) = d+1. H poBHO mecTbflecHT jieT OTa rnnoTesa ocTaBajiacb nn 

Borsuk, Drei Sdtze iiber die n-dimensionale euklidische Sphdre, Fundamenta Math., 20, 1933 
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flOKasaHHOH, HH onpoBeprayTOH. Jlanib b 1993 ro^y Kan a Kajiaii^ aaauia 
KoaTpapaiviepbi k raaoTese b pasMepaocTax d ^ 2015. Ceaaac asaecTao, hto 
raaoTesa Bopcyaa aepaa apa d ^ 3 a jioacaa apa d ^ 64^. 

C apo 6 jieMoa Bopcyaa Tecao caasaao aoaaTae spacfja duaMempoe. Haso- 
BeM rpa 4 )OM ^aaivieTpoB b jiioGoa rpacj) G = {V, E), Bepaiaabi KOToporo 
— Toaaa 'Ed, a pe 6 pa — aapbi bepaiaa, OTCToaai,ax flpyr ot flpyra aa iviaa- 
caMajibaoe b MboacecTBe Bepaiaa paccToaaae: 


V C Ed, |1/| < oo, E = < {x, y} : |x — y| = diam V := max |x — y| > . 

[ x,yGa J 

lloaaTao, aTO MaaaMajibaoe aacjio aacTea Meabmero flaaMeapa, aa KOTopbie 
pasdabaeaca V {hucao Bopcyna MHODfcecmea V), — sao b aoaaocaa xpoMa- 
aaaecKoe aacao x(G) rpa4)a G. O^aaKO 6biao 6bi aeKoppeKaao caasaab, aao 
f{d) — aao MaacaiviyM aaaax xpoiviaaaaecKax aacea. ^eao b aoM, aao pa- 
beacabo xpoiviaaaaecKoro aacaa aacay Bopcyaa capaaeflaabo aamb b cayaae 
Koaeaabix Maoacecab; flaa decKoaeaabix Maoacecab pabeacaba, boodipe robo- 
pa, aea: aaapaMep, ecaa bsaab b Kaaecaae V c4)epy b E^, ao oaebaflao, aao 
xpoMaaaaecKoe aacao ee rpa4)a flaaivieapob (aaaaiomeroca aapocoaeaaaaeivi) 
paaao flayivi, aor^a aaa ee aacao Bopcyaa ecab d + 1 BBa^y KaaccaaecKoa 
aeopcMbi BopcyKa-yaaMa-JlK)caepBaKa-IllBapeabMaaa0. 

Ha aaocKOcaa a b apocapaacabe raaoaesa Bopcyaa ^OKasaaa. Boaee aoro, 
cymecaByea flocaaaoaao iviaoro apaiviepoB rpacj^ob flaaivieapoB b a c 
xpoMaaaaecKaivia aacaaivia 3 a 4 cooaBeacaaeaao. Haaepecao opeaaaa, caaao 
6biab, aacKoabKO oaa apaMcpbi aacabi aaa pe^aa. 

HoaoacaM 


Ud{n,p) = max{k: (3//= (VB, F) C G : \W\ = k, 

H = G\w, H — rpacj) ^aaMcapob b x(id) = d + l) > - 


Kahn, G. Kalai, A counterexample to Borsuk’s conjecture. Bull. Amer. Math. Soc. (N.S.), 29(1), 
1993, 60-62 

^®T. Jenrich, A Oj-dimensional two-distance counterexample to Borsuk’s conjecture., 2013, 
http://arxiv.org/abs/1308.0206v5, 

Matousek, Using the Borsuk-Ulam theorem, Universitext, Springer, Berlin, 2003. 
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u'^{n,p) = m&K{k: (3//= (VF, F) C G : \W\ = k, 


H = G\w, H 


CB5I3HbIH rpacj) flHaiVieTpOB B 


< x{H) = d+l) > 



HhBIMH CJIOBaMH, MBI HipeiVI MaKCHMajIBHOe KOJIHHeCTBO BepniHH B HH- 
flypHpoBaHHOM (cb5I3hom) noflrpa4)e cjiyHaHHoro rpa4)a, KOTopbiii oflHOBpe- 
MeHHO peajiH3yeTC5i rpa4)OM ^HaivieTpoB b npocTpancTBe h HivieeT npn d ^ 3 
HaHSojiBinee B03MO>KHoe b stom cjiy^ae xpoiviaTHHecKoe hhcjio (npn d ^ 64 
TaKa5i nocTanoBKa CTanoBBTCsi necKOJiBKO npoH3BOJibHOH, ho no-npe>KHeMy 
ocMbicjieHHoii). Ecjih jno6oro k 


Pn,p (3 F = (VE, F) c G : \W\ = k, H = G\w, H — rpacj) ^HaivieTpoB b 

R". x(H) = d + l)^^, 

TO nojiaraoM Ud{n,p) = 0 h anajiorHHHO nocTynaeivi c bojihhhhoh 

B 3 TOH rjiaBO c 4 )opMyjiHpoBaHBi H flOKaoaHbi TeopeiviBi, nojiyneHHbie naiviH 
B [ 1 , 3 ], BepHBie fljiH paoMepHOCTeii d = 2 , d = 3 . B tom cjiynae, Kor^a 

TeOpOMBI BepHbl flJIH o6eHX BOJIHHHH H MBI HHinOM u’^. 

TeopeMa 13. Uycmt) p = o (^) • Tosda npu ecex docmamonno doAhiuux 
n G N eunoAHCHO U 2 {n,p) = 0 . 

TeopeMa 14. Uycmh q := 1 — p = o (^)- Tosda npu ecex docmamouno 
doAbiuux n G N eunoAHCHO u* 2 {n^p) = 3 . 


TeopeMa 15. Uycmt) q = o (^), ho npu omoM qn^'^ -P- oo. Tosda npu eccx 
docmamoHHO 6oAt>mux n G N eunoAHCHO ul{n,p) = 4. 


TeopeMa 16. Uoaomcum r(n) = pn u cr(n) = qlnn. Uycmt) r(n) u (j{n) 
cmpcMAmcA K decKOHCHHOcmu c pocmoM n. Tosda dAA Aiodoso e > 0 cytqe- 
cmeyem maKoe no, umo npu n ^ no eunoAUCHO 

uUn,p) ^ (2 + £) log^(np). 

i-p 
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TeopeMa 17. IJoao^um T{n) = u (j(n) = qlnn. Uycmt) T{n) u (j{n) 
cmpeMHmcH k 6ecK0HeHH0cmu c pocmoM n. Todda djiR jik) 6 o 20 £ > 0 cyipe- 
cmeyem manoe tiq, nmo npu n ^ uq eunoAHeno 


ul{n,p) ^ 



£ + 


4 Inp 
ln{np) 


) log 1 (n;?). 

/ i-p 


TeopeMa 18. Sa^uKcupyeM neKomopoe hucao a G (O, u jioao^kum 
r(n) = pjf^ . Uycmh c neKomopuM C > 0 HanunaA c neKomoposo n eu- 
noAHCHO 1 < r(n) < C. Tozda Oaa atoBoso £ > 0 cyiyecmeyem maKoe tiq, 
nmo npu n uq UMeem Mecmo Hepaeeucmeo 

In n 

^ (2 — 2o — £)-. 


TeopeMa 19. Tlycmh uaudemcA maKoe c < 1, umo p < ^. Tozda npu ecex 
docmamoHHO 6oAt>iuux n G N eunoAueuo u\{n^p) = 0. 

TeopeMa 20. Ilycmb q = o (^) • Tosda npu ecex docmamonuo 6oAbmux 
n G N eunoAHCHO u\{n^p) = 4. 


TeopeMa 21. IIoaomcum T{n) = pn u (j{n) = qhin. Uycmh T{n) u (j{n) 
cmpcMAmcA K 6ccKOHCHHOcmu c pocmoM n. Todda Baa ak)6o20 £ > 0 cyiqe- 
cmeyem maKoe no, nmo npu n ^ uq eunoAucuo 

ul(n,p) ^ (2 + £)log^(np). 

i-p 

TeopeMa 22. Uycmh Baa bcakoso o > 0 eunoAucuo pn^ —>■ oo u qlnn ^ 
oo npu n — >■ oo. Toeda Baa ak)6o20 £ > 0 cyiqecmeyem manoe no, nmo npu 
n ^ no eunoAHCHO 

ul{n,p) > (2 - £) log 1 (n;?). 

i-p 

TeopeMa 23. SacfjuKcupycM ucKomopoe a G (O, u noAoofcuM T{n) = 
pn^. Uycmh c ucKomopuM C > 0 uanuuaA c ucKomoposo n eunoAucuo 
1 < r(n) < C. Tosda Oaa ah)6oso £ > 0 cyiqecmeyem manoe no, nmo npu 
n ^ no UMcem Mccmo uepaecucmeo 

In T? 

ul{n,p) ^ (2 — 4o — £)-. 
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Bh^ho, hto npH pasyMHbix ycjiOBHi^x na acHMnTOTHKy Bepo5iTHOCTH pe6pa 
TeopeMBi 16 H 17 ^aiOT acnivinTOTHKy BejiHHHHBi ul{n^p) h STa acHMnTOTHKa 
HMeeT BHfl 2 log^ (np). Bojiee tobo, ecjiH p CTpeMHTC5i k Hyjiio, to b ycjiOBHsix 

TeopeMBi 17 BBinojiHeno 2 log i (np) ~ 2—. llooTOMy TeopeMa 18 npocTO 

1—p P 

flaeT anajior openKH hs TeopeMBi 17, kotopbih jihbib b KOHCTanTy pas xyxce, 
HO paGoTaeT na SojiBineM ^HanasoHe SHaHeHHii p. Hojihoctbio anajiorHHHaH 
KapTHHa HMeeT MecTO b TeopeMax 21-23. llpn otom yTBepxcfleHHH TeopeM 16 
H 21 COBCeM HfleHTHHHBI, B TBOpeMB 22 HpaKTHHeCKH TB HCe OH,eHKa, HTO H B 
TeopeMe 17, ho 6ojiee ysKHii ^nanasoH flonycTHMBix BepoHTHOCTeH pe6pa, a 
B TeopeMe 23 h flnanasoH yxce, neM b TeopeMe 18, h openKa nocjia6ee. 

B naparpacjie 2.3 mbi poKasbrnaeM TeopeMBi 13-18, b kotopbix npeT penb 
o BejiHHHHe u\{n^p). BejiHHHHe u\{n^p) mbi nocBHipaeM naparpacj) 2.4, specB 
poKasaHBi TeopeMBi 19-23. 

Cop,ep:a<;aHHe rjiaBbi 3 

B 3TOH TjiaBe ccJiopMyjiHpoBaHBi H poKasaHBi pesyjiBTaTBi o BejiHHHnax 
Ud{n^p) H u'^{n,p)j BBepeHHBix b rjiaBe 2, BepHBie pjiH hpohsbojibhoh cJihk- 
CHpOBaHHOH paSMepHOCTH. 3 th peSyjIBTaTBI MBI HOJiyHHJIH B pa 60 Te [5]. 

TeopeMa 24. Ilycmh djiR ecHKoeo o > 0 eunoAHeno prf — >■ oo w glnn — )• 
oo npu n — >■ oo. Tozda Baa atoBoso d u Oaa Aiodoso e > 0 cymecmeyem 
maKoe tiq, umo npu n ^ uq eunoAueno 

Ud{n,p) ^ (2 - £) log^(np). 

i-p 


TaKHM oSpasoM, hhhchhh opeHKa cnpaBepjiHBa b jiio6oh pasMepnocTH, ho 
B HyTB paSHBIX yCJIOBHHX (pjIH paSMOpHOCTH 2 OrpaHHHOHHH MeHBHie). rio- 
BTOpHM, OpnaKO, HTO OCJIH flJIH paSMepHOCTOH 2 H 3 3Ta OpeHKa BBIHOJIHHJiaCB 
TaKHCe pjIH BejIHHHHBI CO HITpHXOM, TO HpH (7^4 MCTOfl HCMHOTO flpyrOH H 
Ha BCJIHHHHy CO HITpHXOM OH HC paCHpOCTpaHHCTCH. 

TeopeMa 25. Sa^uKcupyeM ueKomopoe a G (O, u uoao^kum T{n) = 
prf. Uycmh c ueKomopuM C > 0 uaHunaA c ueKomopodo n eunoAneno 
1 < r(n) < C. Tosda Oaa ah) 6 oso d u aw 6 o 2 o £ > 0 cyiyecmeyem maKoe 
no, umo npu n ^ uq UMeem Mecmo uepaeeucmeo 
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TeopeMa 26. Uycmbp — amo Jiu6o KOHcmanma, au6o npouseoAhuaji (jjynK- 
yuH, Komopan cmpeMumcH k nyAW npu n ^ oo, ho npu amoM oepaHUHena 
CHuay eeAUHUHOu sde c > 1. Toada dji^ atoBoso d u Baa Awdodo £ > 0 
cymecmeyem maKoe uq, htuo npu n ^ uq eunoAHeno 

p) ^{2 + e) {d + 1) log i {np). 

i-p 


Teopeivia 26 ^aoT aGcojiiOTHO yHHBepcajibHyio BepxnioK) openKy, pa6oTa- 
KDipyio pa>Ke b 6ojiee ninpoKOM pnanasoHe, hojkojih Teopeivia 16. B otom ee 
6ojibmoH njiioc. OpnaKO npn d = 2, 3 SHaneKHe nojiyneKHOH b Hen open- 
KH HecKOJiBKO xy>Ke panee HSBecTHbix. Cjiepyioipasi Teopeivia ycTpansieT OTy 
npoSjieiviy penoH coKpaipeHH5i pnanasoHa ponycTHMBix Bepo5iTHOCTeH pe6pa. 


TeopeMa 27. Uycmh p — amo KOHcmanma. Tozda Saa ak) 6 o 20 d u Saa 
ak) 6 o 2 o £ > 0 cyiyecmeyem maKoe tiq, nmo npu n ^ uq eunoAneuo 


^ { 2 + s) 


d 

2 


log 1 (np). 

i-p 


Teopeivia 27 otjihhho corjiacyeTC5i c TeopeiviaiviH 16 h 21. Teivi ne ivienee, b 
Hen p — KOHCTaHTa. Cjierxa OTopBaTbC5i ot ototo orpaHHHenHsi mo>kho. Ho 
cpejiaTb 3TO poBOJiBHO T5i>Kejio, T.K. poKasaTOJibCTBO TeopeMBi 27 onHpaeTC5i 
Ha p5ip TOHKHx yTBepxcpeHHH, MHOTHe H3 KOTopbix c TpypoM o6o6ipaiOTC5i 
Ha cjiynaH nenocTOHHHbix BepoHTHOCTeii. Otmothm TaKxce, hto npn <7^4 
HH>KHHe H BepXHHe OpeHKH HaHHHaiOT OTJIHHaTbCH PpyT OT ppyra, TaK HTO 
acHMHTOTHKy HaHTH yxco He ypaeTCH. 

HaKonep, o6o6ipeHHeM h paxce ycHjieHHeivi Teopeivi 13 h 19 cjiyxcHT cjie- 
pyioipan 

TeopeMa 28. Uycmh d ^ 3 u uaudemcA maKoe c < 2{d — 1) ln((7 — 1), nmo 
p < -. Todda npu ecex docmamonuo doAhmux n G N eunoAueuo u*^{n,p) = 

0 . 


Teopeivibi 26, 28 poKasanbi b naparpacjie 3.2, Teopeivibi 24, 25 — b na- 
parpacjie 3.3, naKonep, Teopeivie 27 nocBHipen neTBepTbiH naparpacj). B hh- 
TOM naparpacjie paccMOTpenbi cjiohchocth o6o6ipeHH5i nocjiepneH Teopeivibi 
Ha cjiynaH ySbrnaioipeH BepoHTHOCTH pe6pa p. 
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B saKjiioHeHHH flaHbi B03M0>KHbie HanpaBjieHH5i flajiBHeiimHx HccjieflOBa- 
HHH. 

Bjiaro^apHOCTH 

Abtop npHsnaTejieH npo4)eccopy AH^peio MHxaiiJiOBHHy PaiiropoflCKOMy 
3a nocTanoBKy 3aflaH h HeopeHHMyio noMOipb b pa6oTe. 
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